We address the existence and stability of vortex-soliton (VS) solutions of the fractional nonlinear Schrödinger equation (NLSE) with competing cubic-quintic nonlinearities and the Lévy index (fractionality) taking values 1 ≤ α ≤ 2. Families of ring-shaped VSs with vorticities s = 1, 2, and 3 are constructed in a numerical form. Unlike the usual two-dimensional NLSE (which corresponds to α = 2), in the fractional model VSs exist above a finite threshold value of the total power, P . Stability of the VS solutions is investigated for small perturbations governed by the linearized equation, and corroborated by direct simulations. Unstable VSs are broken up by azimuthal perturbations into several fragments, whose number is determined by the fastest growing eigenmode of small perturbations. The stability region, defined in terms of P , expands with the increase of α from 1 up to 2 for all s = 1, 2, and 3, except for steep shrinkage for s = 2 in the interval of 1 ≤ α ≤ 1.3. *
I. INTRODUCTION
It is well known that optical beams propagating in conservative and dissipative selffocusing media readily build spatial optical solitons, which are a subject of great interest to fundamental and applied studies in diverse settings [1] - [13] . In particular, a class of 2D vortex solitons (VSs) feature a bright ring shape with an embedded rotating screw phase dislocation, see early original works [14] - [20] and early reviews [21] - [23] , as well as recent ones [24] - [28] . VSs usually represent excited states of the corresponding nonlinear systems. In particular, VSs in the simplest two-dimensional (2D) model, based on the nonlinear Schrödinger equation (NLSE) with cubic self-focusing [19] , may be considered as excited states of the fundamental mode known as Townes solitons [29] . In models with basic self-attractive nonlinearities, such as those represented by quadratic and cubic terms, selftrapped vortex states are subject to azimuthal symmetry-breaking instabilities which split them into sets of fragments, that may be fundamental solitons [30, 31] . Therefore, stability is a crucially important issue in studies of VSs. Several methods for the stabilization of VSs in nonlinear media without the help of external potentials were suggested, such as the use of competing quadratic-cubic [32] - [34] and cubic-quintic (CQ) [35] - [49] nonlinearities, or, alternatively, nonlocal self-interaction [50] - [56] . In this connection, it is relevant to mention that exact solutions for stable 1D solitons of the NLSE with the CQ nonlinearity were first obtained in early work [57] .
Recently, the Schrödinger equation was extended to fractional dimensions, starting from works by Y. Hu and N. Laskin in Ref. [58, 59] . The fractional Schrödinger equation (FSE) was introduced as a quantum model [60] , in which Feynman path integrals over Brownian trajectories lead to the standard Schrödinger equation, while path integrals over "skipping" Lévy trajectories lead to the FSE [61] . Although implications of such theories are still a matter of debate [62, 63] , experimental schemes have been proposed for their realization in condensed-matter settings and optics [64, 65] . In particular, optical cavities offer an appropriate ground to explore intriguing properties of the FSE. Propagation of beams has been intensively studied in the framework of FSE, producing effects such as zigzag trajectories [66] , diffraction-free propagation [67] - [71] , beam splitting [72] , periodically oscillating evolution of Gaussian modes [73] , beam-propagation management [74] , optical Bloch oscillations and Zener tunneling [75] , resonant mode conversions and Rabi oscillations [76] , Anderson localization and delocalization [77] , and PT -symmetric optical modes [78] .
A natural extension of the analysis is to add nonlinearity to the FSE [79, 80] . In particular, the 1D Schrödinger equation with the cubic term subject to singular spatial modulation may emulate fractional dimension 0 < D < 1 [81] . Recent works have demonstrated that the fractional NLSE supports a variety of fractional spatial-soliton solutions [82] : "accessible solitons" [83] - [85] , double-hump and fundamental solitons in PT -symmetric potentials [86, 87] , bulk and surface gap solitons in PT -symmetric photonic lattices [88] - [90] , vortex solitons in PT -symmetric azimuthal potentials [91] , 2D self-trapped modes [92] , spontaneous symmetry breaking in a dual-core system [93] , and dissipative solitons in the fractional complex-Ginzburg-Landau equation [94] . Further, the composition relation between nonlinear Bloch waves and gap solitons supported by lattices [95, 96] , solitons under the action of nonlinearity subject to spatially-periodic modulation [97] , dissipative surface solitons [98] , as well as discrete solitons [99] , have also been addressed. Recently, off-site-and on-site-centered VSs in PT -symmetric photonic lattices have been investigated in Ref. [100] . However, prediction of spatial VS solutions in free space (without the use of external potentials) in the framework of fractional NLSE is still an open problem. This issue is addressed in the present work.
The paper is organized as follows. The model is introduced in Sec. II, which is followed by the analysis of the stability and dynamics of vortex-soliton states in Sec. III. The paper is concluded by Sec. IV.
II. THE MODEL
We start the analysis by considering the beam propagation along the z-axis in a nonlinear isotropic medium with the CQ nonlinear correction to refractive index, n nonlin (I) = n 2 I − n 4 I 2 , where I is the light intensity, while n 2 and n 4 are coefficients accounting for, respectively, cubic self-focusing and quintic defocusing. The respective fractional NLSE is
where A(z, x) is the local amplitude of the optical field, the intensity being I ≡ |A| 2 , k 0 = 2πn 0 /λ is the wavenumber, with background refractive index n 0 and optical wavelength
is the fractional-diffraction operator with the corresponding Lévy index α belonging to interval 1 < α ≤ 2. Equation (1) with α ≤ 1 and cubic-only self-focusing gives rise to the wave collapse, which destabilizes solitons; however, the quintic self-defocusing term suppresses the instability and, in particular, makes it possible to construct stable VSs at α = 1, as shown below.
The balance between the fractional diffraction and nonlinearity makes it possible to build spatial solitons. By means of rescaling, Ψ(ζ, ξ) = n 4 /n 2 A(z, x), ζ = (k 0 n 2 2 /n 0 n 4 ) z, and (ξ, η) = (2k 2 0 n 2 2 /n 0 n 4 ) 1/α (x, y), Eq. (1) is cast in the normalized CQ form,
Obviously, when α = 2 Eq. (2) reduces to the conventional cubic-quintic NLSE [49] .
In this paper, we aim to construct spatial vortex-soliton solutions to Eq. (2), with propagation constant β, as
where complex function ψ(ξ, η) obeys a stationary equation:
Further, the complex function is expressed in the Madelung's form, ψ(ξ, η) = U(ξ, η)e iφ(ξ,η) ,
where real functions U(ξ, η) and φ(ξ, η) represent the amplitude and phase of the solution.
In polar coordinates (r, θ), related to the underlying Cartesian coordinates by the usual formulas, ξ = r cos θ, η = r sin θ, VSs are expressed as
where positive integer s represents the vorticity (topological charge of the phase screw dislocation), and the optical intensity vanishes as |A| 2 ∼ r 2s at r → 0. The power (integral norm) and total angular momentum of the vortex are
As it follows from Eqs. (5)- (7) , for stationary VSs the angular momentum and power are related by L = sP .
III. NUMERICAL RESULTS

A. The numerical method
The fractional Laplacian in the FSE is defined as a pseudo-differential operator [101] [102] [103] ,
where F is the operator of the Fourier transform, andψ(k ξ , k η ) is the Fourier image of ψ(ξ, η). Below, we construct vortex-soliton solutions of Eq. (4) with fractional values of Lévy index α by means of the Newton-conjugate-gradient method [8, 104] . For the sake of comparison, we will also present usual solutions for α = 2. Following this method, Eq. (4) is rewritten in the form of
where the operator is defined as
Here, the propagation constant β is considered as a given value, and the solution is calculated by means of Newton iterations,
where ψ n is an approximate solution, and ∆ψ n is computed from the linear Newtoncorrection equation,
with L 1n being the linearization operator of Eq. (9), evaluated with the approximate solution ψ n :
Then, Eq. (12) can be solved directly by dint of preconditioned conjugate gradient iterations [8, 104] .
B. Vortex-soliton (VS) solutions
To quantify numerically found families of VS solutions with different vorticities s and different values of the Lévy index α, we display respective dependencies of their propagation constant β on power P in Fig. 1 (stability 
The comparison of panels (a-e) and (f) in Fig. 1 demonstrates that, at all values of the Lévy index α < 2, there is a threshold (minimum) value of the total power, P thr , necessary for the existence of the VS solutions and, accordingly, there are two branches of the β(P ) curves, which merge at P = P thr . In fact, this feature is similar to one demonstrated by the CQ model in the 3D case [37, 38, 45, 46] , and the nonexistence of solitons at P < P thr is explained by the fact the weak nonlinearity cannot balance the fractional-order diffraction.
On the contrary, the threshold vanishes in the limit of α = 2, which corresponds to the usual CQ model in 2D. Dependence of the threshold value of the total power P thr on the Lévy index α is displayed in Fig. 2 .
Typical examples of intensity and phase profiles of the numerically generated VS solutions, with s = 1, 2 and 3, are displayed in Fig. 3 for α = 1.5. Further, cross-section profiles of the VS modes, in the form of |ψ (ξ, η = 0)|, are displayed in Fig. 4 , for propagation constants β ranging from 0.006 to 0.18, which demonstrates the well-known property of systems with competing nonlinearities, viz., a trend to the formation of flat-top shapes of the solitons in the limit of large powers (i.e., β → β max = 3/16, |ψ| 2 → 3/4). Further, Fig. 4 demonstrates that the solitons' profiles additionally expand with the decrease of the Lévy index, α. This trend is explained by the fact that decrease of α makes it more difficult for maintaining the balance between the front layer [see Eq. (15)], which separates the nearly-constant value of the intensity inside the soliton, close to |ψ| 2 max , and zero intensity outside of the soliton, and inner pressure of the flat-top soliton.
C. The linear-stability analysis and dynamics
As mentioned above, stability of VSs against the splitting instability is a crucially important issue. First, we address it in the framework of the linearization of Eq. (2) for small perturbations (i.e., the respective Bogoliubov-de Gennes equations), taking the perturbed solution as Ψ (ξ, η, ζ) = e iβζ ψ (ξ, η) + ǫu (ξ, η) e δζ + ǫv * (ξ, η) e δ * ζ ,
where ψ is the stationary VS solutions with propagation constant β, taken as per Eq. where * stands for the complex conjugate, while ε + J (r) and ε − J (r) are the respective perturbation eigenmodes.
Substituting Eq. (16) into Eq. (2) and the linearization lead to the following eigenvalue 
with matrix elements
where δ is a complex eigenvalue of Eq. (19) . Obviously, stability demands to have only pure imaginary eigenvalues µ. Table I , while β min (s = 3) corresponds to the VSs with radii so large that it is difficult to find those values with sufficient accuracy.
To verify the validity of the results, the stability boundaries of the VS solutions in the usual NLSE with α = 2 was also recalculated by means of the numerical method adopted in this work, with a conclusion that the results are identical to those previously reported in Refs. [43, 49] . A noteworthy feature revealed by Table I is that the stability region of the Results predicted by the linear-stability analysis and collected in Fig. 5 and Table I (δ R ≈ 0.0373), the splitting starts relatively fast in Fig. 7(a) , at ζ ≈ 800, while, at α = 1.9
(δ R ≈ 0.0284), it starts at ζ ≈ 1000 in Fig. 7(b) . Further, at α = 1.7 the instability growth rate is very small, δ R ≈ 0.0041, and, accordingly, the VS breaks only at ζ ≈ 6100 in Fig. 7(c) . Finally, also in agreement with the linear-stability prediction, at α = 1.5, soliton's center, and, in some cases, small deformation of the intensity ring. The increase of β, i.e., as a matter of fact, of the soliton's total power, naturally leads to suppression of the drift and deformation. This dynamics is illustrated by movies in Supplemental Material [108] .
Finally, in Fig. 8 we display additional results illustrating the development of splitting of unstable VSs, with vorticities s = 1, 2 and 3. In all cases, it is concluded that the number of fragments (whose number grows from three to six with the increase of s) is determined by the fastest growing eigenmode of the azimuthal perturbations, in full agreement with the linear-stability analysis. Further details of the splitting dynamics are presented in movies included in Supplemental Material [109] .
IV. CONCLUSION
We have numerically investigated the existence and stability of families of spatial VS (vortex-soliton) solutions in the fractional NLSE with competing CQ (cubic-quintic) nonlinearities. A crucial difference from the usual two-dimensional NLSE, where there is no threshold for the existence of VS solutions, is that in the fractional model they exist at values of the soliton's total power, P , exceeding a finite threshold. Accordingly, the dependence of the propagation constant on P consists of two branches, which merge at P = P thr .
Detailed results are reported for vorticities s = 1, 2, and 3.
The stability of the VS solutions has been investigated by means of the linearized equation As an extension of the present work, it may be interesting to address motion and collisions of stable VSs (note that the fractional NLSE is not a Galilean invariant one, therefore the mobility of solitons is a nontrivial issue). 
